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Answer ALL questions.  Write your answers in the spaces provided. 

1. Given that θ is small and is measured in radians, use the small angle approximations to find an 
approximate value of 

1 cos4

2 sin 3

θ
θ θ
−

(3)
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sincere 0 cos O I I
Z

l cos 40 a 1 I 5
20 sin 30 20 3G

1602
2

GOT

161
1202

I 43
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2. A curve C has equation

y = x2 − 2x − 24 x,    x > 0

 (a) Find (i) 
d
d

y
x

   (ii) 
d
d

2

2

y
x (3)

 (b) Verify that C has a stationary point when x = 4
(2)

 (c) Determine the nature of this stationary point, giving a reason for your answer.
(2)
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a y xZ 2x 24K

i days 2x Z 12 x

ii DI 2 65
doc2

b Stationary point when dog 0
daL

When x 4
dy 2 4 2 11
Tx 54

8 Z I
2

0

stationary point when x 4
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Question 2 continued
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(Total for Question 2 is 7 marks)

c When 2 4 I
dry 2 1 4

2 1 I
8

17
g so

stationary point is a minimum
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3. 

O θ

r cm
B

A
r cm

Figure 1

 Figure 1 shows a sector AOB of a circle with centre O and radius r cm.

 The angle AOB is θ radians.
 The area of the sector AOB is 11 cm2

 Given that the perimeter of the sector is 4 times the length of the arc AB, find the exact 
value of r.

(4)
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Area of sector Iz r'd
11 Erra
22 r O i

Arc length ro

i Perimeter Arce

But Perimeter rot Zr

Ira rat Zr

3rG Zr

30 2

A
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Question 3 continued

_____________________________________________________________________________________
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(Total for Question 3 is 4 marks)

Sub for 0 in

22 r x 2
3

66 zr2

33 2

r 133
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4. The curve with equation y = 2 ln(8 − x) meets the line y = x at a single point, x = α.

 (a) Show that 3 < α < 4
(2)

y

4

4 xO

y = 2 ln(8 − x)

y = x

Figure 2

 Figure 2 shows the graph of y = 2 ln(8 − x) and the graph of y = x.

 A student uses the iteration formula

xn + 1 = 2 ln(8 − xn),  n ∈ ̀

 in an attempt to find an approximation for α.

 Using the graph and starting with x1 = 4

 (b) determine whether or not this iteration formula can be used to find an approximation 
for α, justifying your answer.

(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

I

a y 21n 8 x

x 3 y 2h 8 3 24.5 3.22

x 4 y 2 In 8 21nA 2.77

curve above g k at x 3

Curve below y x at 2 4

continuous intersection between x 3 and x 4
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Question 4 continued

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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(Total for Question 4 is 4 marks)

b Using graph cobweb spirals in towards

the root so Chis iteration is suitable

see above graph
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5. Given that

3sin 3

2sin 2cos 4 4

θ π πy θ
θ θ

= −
+

< <
      

3sin 3

2sin 2cos 4 4

θ π πy θ
θ θ

= −
+

< <

 show that

                                               

d 3

d 1 sin 2 4 4

y A π πθ
θ θ

= −
+

< <
           

d 3

d 1 sin 2 4 4

y A π πθ
θ θ

= −
+

< <

 where A is a rational constant to be found.
(5)
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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d
To T Vdu udr

u e
2

day
2since 2coso 3coso 3sinG 2cosO Zsino

2since t Zcoso

6si 6coso GOOG.no
4 since t 8sinocosa 14 cos 0

6
4t O

6
4 1 4 Sin 20

6
4 It sin20

I sin20
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6.

                                                         

Not to scale
y

C

A

P

l

O x

Figure 3

 The circle C has centre A with coordinates (7, 5).

 The line l, with equation y = 2x + 1, is the tangent to C at the point P, as shown in Figure 3.

 (a) Show that an equation of the line PA is 2y + x = 17
(3)

 (b) Find an equation for C.
(4)

 The line with equation y = 2x + k,  k ≠ 1 is also a tangent to C.

 (c) Find the value of the constant k.
(3)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

IQ
I

a gradient of tangent 2

i gradient of radius AP I
AP passes through 7,5

y y m x x

y s E x 7

2g lo x z

2g to x t

2g toe 17
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Question 6 continued

_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

b Find P y 2x I

2g toe n

Sub for y in 2 2kt l t a 17

4 1 2 x 17

5K 15

x 3

y 2 3 ti 7

P 3,7

Radius 1 2 5 7

1 to

Circle C oc 7 t y 55 20

c P sn

A 7,5i
i

Q is

y 2x tk will pass through 11,3

3 2 n t K
3 22 K IT 19
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7. Given that k  ]+

 (a) show that 2
3

3

( )x k
x

k

k

−∫ d  is independent of k,
(4)

 (b) show that 2
2 2

2

( )x k
x

k

k

−∫ d  is inversely proportional to k.
(3)
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_____________________________________________________________________________________
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a

f d 3
In 3k K

k

2 In 8K In 2t
3

3 48
2gIn 4

2K
b zd

I I
4K K 2K IT

t at

3
2 l
k d TT
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8. The depth of water, D metres, in a harbour on a particular day is modelled by the formula

D = 5 + 2 sin (30t)°   0  t < 24

 where t is the number of hours after midnight. 

 A boat enters the harbour at 6:30 am and it takes 2 hours to load its cargo.
 The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour. 

 (a) Find the depth of the water in the harbour when the boat enters the harbour.
(1)

 (b) Find, to the nearest minute, the earliest time the boat can leave the harbour. 
(Solutions based entirely on graphical or numerical methods are not acceptable.)

(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a D 5 t 25in 30 6.5

D 5 2 sin 195

D 5 4.48 m

b Leaves after 8.30am when D 3.8in

3 8 5 t 2 sin 30T

3 8 5 sin 3ot
2

30T sin 0.6

30T 216.87 323.13

t 7.229J 10.771 hrs

10.46 am
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9.

y

Q

O
P

East

North

x

Figure 4

 Figure 4 shows a sketch of the curve with equation x2 − 2xy + 3y2 = 50

 (a) Show that d
d

y
x

y x
y x

= −
−3 (4)

 The curve is used to model the shape of a cycle track with both x and y measured in km.

 The points P and Q represent points that are furthest west and furthest east of the 
origin O, as shown in Figure 4.

 Using part (a),

 (b) find the exact coordinates of the point P.
(5)

 (c) Explain briefly how to find the coordinates of the point that is furthest north of the 
origin O.  (You do not need to carry out this calculation).

(1)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a x Zoey 35 50

2x 22dL 2g 6ydI O
doe doc

x x dy g t 3ydy so

dot doc

3 xg y x

3g x g se
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Question 9 continued

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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dy y x

doc 3g a

b At P dog is infinite
doe

3g x o

3y x

Sub for a
x2 Zug t 35 50

95 Gy t 35 50

65 50

j 253

g f
At P y 1 I 513

53 3

x 31 553
3

Pf 553

c Set dy o x y solve by substitutingTx for x or y in curve
and take positivesolution
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10. The height above ground, H metres, of a passenger on a roller coaster can be modelled by 
the differential equation

d
d
H
t

H t= cos( . )0 25
40

 where t is the time, in seconds, from the start of the ride.

 Given that the passenger is 5 m above the ground at the start of the ride,

 (a) show that H = 5e0.1 sin (0.25t )

(5)

 (b) State the maximum height of the passenger above the ground.
(1)

 The passenger reaches the maximum height, for the second time, T seconds after the start 
of the ride.

 (c) Find the value of T.
(2)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a daft Hcoslo
40

4yfdH f cos 0.25T at

401nA 4 sin 0.25 E tc

C so H 5
401ns A Sino c

401ns C

40 In H 4 sin 0 25 t t 401ns

40 In Asin 0.25 E

101N II sin 0.25T
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Question 10 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

In Is 0.1 sink 25t
e

sin o 25

H 5e Sirico 25

b Max height 5e 5.53in

ITc
First max 0.256 2

Second max 0.25T Z

T lot

T 31.45
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11. (a) Use binomial expansions to show that 1 4
1

1 5
2

5
8

2+
−

+ −x
x

x x»
(6)

 A student substitutes x = 1
2

 into both sides of the approximation shown in part (a) in an 

 attempt to find an approximation to 6

 (b) Give a reason why the student should not use x = 1
2 (1)

 (c) Substitute x = 1
11

 into 

1 4
1

1 5
2

5
8

2+
−

= + −x
x

x x

  to obtain an approximation to 6 .  Give your answer as a fraction in its simplest form. 
(3)
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_____________________________________________________________________________________

_____________________________________________________________________________________

a J I tax i se
t

f l t Elka tE 4 5 1 Et att I c si

e l 1 2x 2x l Ex tix
l t 2x 2x Ex txt f x
I Ex Ext

b l 1 4 c expansiononly valid for tax I

c x i I F
fi



31

*P58348A03144* Turn over     

 
D

O
 N

O
T W

RITE IN
 TH

IS A
REA

 
D

O
 N

O
T W

RITE IN
 TH

IS A
REA

 
D

O
 N

O
T W

RITE IN
 TH

IS A
REA

 
D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

 
D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

 
D

O
 N

O
T 

W
RI

TE
 IN

 T
H

IS
 A

RE
A

Question 11 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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IT 14 2175

56 21 a 2ftTE ti E
2 I Ez 5g

2 I I
484

1183484
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12. The value, £V, of a vintage car t years after it was first valued on 1st January 2001, is 
modelled by the equation

V = Ap t    where A and p are constants

 Given that the value of the car was £32 000 on 1st January 2005 and £50 000 on 1st January 2012

 (a) (i) find p to 4 decimal places,

  (ii) show that A is approximately 24 800
(4)

 (b) With reference to the model, interpret

  (i) the value of the constant A, 

  (ii) the value of the constant p. 
(2)

 Using the model,

 (c) find the year during which the value of the car first exceeds £100 000
(4)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

E
a V Api

32000 Ap
50000 Ap

50000 Ape
Ap
p

p 2,5T 1.0658 to 4 d p

ii Sob for pi zzooo Ax 1.0658
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Question 12 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

32000g A
1 0658

A 24799.74

A 24800

b i A is the value on 1st January 2001

ii p is the multiplier of the value each year

24800 1.0658

100000 24800 x l 0658

100000 c
24800

065ft

toff sE In 1.0658

e

In 1.0658

21.88 L E

E 21 I Jan 2022

Exceeds 100000 during 2022
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13. Show that 

2 2 32
15

2 2
0

2

x x x+ = +( )∫ d

(7)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

2 152 da Let u x 2

de I
die

4 du doc

f2 u z do

I I TIE2

g us 40 du
x u z

4

E
Lgu gu Z

32 8
3
8 452 x 252

64
Ts

t 3212
15

3,3 2 52
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14. A curve C has parametric equations

x = 3 + 2 sin t,   y = 4 + 2 cos 2t,   0  t < 2π

 (a) Show that all points on C satisfy y = 6 − (x − 3)2

(2)

 (b) (i) Sketch the curve C. 

  (ii) Explain briefly why C does not include all points of y = 6 − (x − 3)2,  x ∈ \
(3)

 The line with equation x + y = k, where k is a constant, intersects C at two distinct points.

 (c) State the range of values of k, writing your answer in set notation.
(5)

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

a x 3 2 Sint y 41 2 cos2t

X 3 2 sink y 4 2 cos 2T

Sint g 4 2 4 sink
2 2

y 4 2 41
y 6 x 3

2

b i 6 µ i only defined for
4,2 5,2 Exes

2 Ey c 6
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Question 14 continued

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

_____________________________________________________________________________________
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_____________________________________________________________________________________

c y 6 x 35

e t y K

y K X

Sub for y in

K x 6 x 3
2

K x 6 x 6 9

K x G K Gx 9

K 6 9 6 t K x O

22 Tx 3 f K 0

For 2 distinct roots 52 Gac o

49 4 1 31 4 o
49 iz 4K 70

37 4K

37 Ks
4

K L 37
4

Also x y 77 otherwise x g k
will be below point 5,2 and
intersect curve at most once

k asks


