Core Pure Mathematics Book 1/AS SolutionBank

Proof by induction ME 8

1 Let f(n)=9"-1,where neZ".
~.f(1) =9' —1=8, which is divisible by 8.
~.f(n) is divisible by 8 when n = 1.
Assume that for n =k,
(k) =9* —1 is divisible by 8 for k e Z*.
SFk+D) =91 -1
=949'-1
=9(9%) -1
~Fk+2) —f(k) =[9(9%) -1]-[9" -1]
=9(9)-1-9*+1
=8(9")

~F(k+1) =F(k)+8(9")

As both (k) and 8(9*) are divisible by 8 then the sum of these two terms must also be divisible
by 8. Therefore f (n) is divisible by 8 when n =k + 1.

If f (n) is divisible by 8 when n =k, then it has been shown that f (n) is also divisible by 8 when
n=k+ 1. Asf (n) is divisible by 8 when n = 1, f (n) is also divisible by 8 forall n > 1 and ne Z"
by mathematical induction.
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b As B’ = , | and B® = , |, we suggest that B" = :
0 3 0 3 0 3
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As LHS=RHS, the matrix equation is true for n = 1.
Assume that the matrix equation is true for n = k.

. (1 ojk (1 OJ
ie. = )
03 (o3
With n =k + 1 the matrix equation becomes
1 0)" (1 0\(1 0
(0 :J o 3}(0 3}
1 0Y1 0
Lo 3kj(o 3)
1+0 0+0
“lo+o 0+3(3K)J

1 0
= 0 3k+1

Therefore the matrix is true when n = k+1.

If the matrix equation is true for n =k, then it is shown to be true for n =k + 1. As the matrix
equation is true for n = 1, it is now also true for all n >1 and n e Z" by mathematical induction.

3 Basis:n=1:LHS=3x1+4=7; RHS=%><1(3><1+11)=7

Assumption:

>(3r +4)= k(3 +11)

r=1

Induction:
k+1 k

> (Br+4)=>(3r+4)+3(k+1)+4

r=1 r=1

=%k(3k +11)+3(k +1)+4=%(3k2 +17k +14)
1
:E(k +1)(3(k +1)+11)
So if the statement holds for n = k, it holds forn = k + 1.

Conclusion: The statement holds for all n € Z".
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9 16) (9 16
4 a n=1LHS= -
4 7 4 7

(8@M)+1 16(1) \ (9 16

4@ 1-8w)) (-4 -7
As LHS = RHS, the matrix equation is true for n = 1.
Assume that the matrix equation is true for n = k.

. (9 16Jk:(8k+1 16k J
4 -7 —4k  1-8K

With n =k + 1 the matrix equation becomes

9 16)" (9 16)(9 16
[—4 —7} |4 —7] [—4 —7}

8k+1 16k \( 9 16
| 4k 1—8kj(—4 —7J

72k +9-64k 128k +16 —112K
| -36k —4+32k —64k—7+56kj
8k +9 16k +16
—4k -4 —8k—7j

_(8(k+1)+1 16(k +1)
| 4k + 1—8(k+1)J

Therefore the matrix equation is true when n =k + 1.

If the matrix equation is true for n =k, then it is shown to be true for n =k + 1. As the matrix
equation is true for n = 1, it is now also true for all n > 1 and neZ* by mathematical induction.

b det(A") = (8n+1)(1—-8n) — —64n°
=8n—64n° +1—8n+64n?
=1

B:(A”)’lzé 1-8n -16n
1 4n  8n+l

1-8n -16n
SoB =
4n  8n+1
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5 a f(n+1)=5""""41
— 52n+2—1 +1
=5""5% +1
=24(5""") +1

~F(n+1)—f(n) =[25(*"") +1] - [5*"" +1]
=25(5""") +1-(5""") -1
=24(5""")

Therefore, u = 24.

b f(n)=5""+1 where neZ".

- (1) =5"""+1=5"+1=6, which is divisible by 6.

.. f(n) is divisible by 6 when n = 1.

Assume that for n = k,

f(k) =5"" +1 is divisible by 6 for k € Z*.

Using (a) f(k+1)—f(k)=24(5*")

~f(k+1) =F(k)+24(5* 1)

As both f(k) and 24(5*™") are divisible by 6 then the sum of these two terms must also be
divisible by 6. Therefore f(n) is divisible by 6 whenn =k + 1.

If f(n) is divisible by 6 when n =k, then it has been shown that f(n) is also divisible by 6 when
n=k+ 1. As f(n) is divisible by 6 when n = 1n, f(n) is also divisible by 6 forall n > 1 and ne Z*
by mathematical induction.
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6 Let f(n)=7"+4"+1, where neZ".
~f@Q)=7"+4"+1=7+4+1=12, which is divisible by 6.
... f(n) is divisible by 6 when n =1.
Assume that for n = k,
f(k) =7 +4" +1 is divisible by 6 for k e Z*.

fk+D) =74 1
=77 +44 +1
=7(7) +4(4") +1

SRk +D) =T K) =[7(7) +4(4) +1] - [7* + 4" +1]
=7(7)+4(4) +1-7" -4 -1
=6(7%) +3(4“)
=6(7%)+3(4"").4"
=6(7)+12(4*")
=6[7" +2(4) "]

~F(k+1) = (K) +6[7 +2(4) ]

As both (k) and 6[7* +2(4)“™] are divisible by 6 then the sum of these two terms must also be
divisible by 6.

Therefore f(n) is divisible by 6 when n =k + 1.

If f(n) is divisible by 6 when n =k, then it has been shown that f(n) is also divisible by 6 when
n=k+ 1. As f(n) is divisible by 6 when n = 1, f(n) is also divisible by 6 forall n >1and neZ"
by mathematical induction.

7 Basis:nzl:LHS:1><5=5;RHS=%X1><2><(2+13)=5

Assumption:

Sr(r+4)= Tk +1)(2K +13)

r=1

Induction:
S r(r+4)=3r(r+4)+ (k +1)(k +5)
_ %k(k +1)(2k + 13) + (k + 1)(k + 5)
- %(2k3 + 21K% + 49K + 30) = %(k+ 1)(k+ 2)2(k + 1) + 13)

So if the statement holds for n =k, it holds for n = k + 1.

Conclusion: The statement holds for all ne Z".
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8 a Basis:nzl:LHS:1+4:5;RHS:%X1><3><5:5

Assumption:

2k
dor? =§k(2k +1)(4k +1)
=1

Induction:
2(k+1

) 2k
Z r? =Zr2 +(2k +1)2 +(2k+2)2
r=1

r=1

=%k(2k +1)(4k +1)+(2k +1)° +(2k + 2)°
=1(8k3+30k2 +37k +15)
3

= %(k +1)(2(k +1)+1)(4(k +1)+1)

So if the statement holds for n =k, it holds for n = k + 1.

Conclusion: The statement holds for all n € Z".

b Using a and the formula for " r?

r=1
Sx2n(2n+1)(4n+1) =2 kn(n-+1)(2n +1)

2n(2n+ 1)+ (4n+ 1) =kn(n + 1)(2n + 1)
16n% + 12n° + 12n% + 2n = k(2n* + 3n?)

~ 2n(8n’ +6n+1) _2(2n+1)(4n+1) 8n+2

k = = =
= n(2n2 +3n +1) (2n+1)(n+1) n+1
:>kn+k:8n+2:>n(k—8):2—k:>n:i;;
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2 1
9 a Basis:n:1:LHS:RHS:( ¢ J

0 c
Assumption:
ok 2k -1
Mk:Ck 0 c
1
Induction:
Mk+1=Mk 20 1
0 c
k k
2 2=t ae 1y 2 222
0 1 0 c 0 1 0 1
g 24261 g 261
|| 2 | a2
= 0 c =C 0 c
1 1

So if the statement holds for n = k, it holds forn =k + 1.

Conclusion: The statement holds for all n € Z*.

b Consider n = 1: det M = 50 = 2¢?=50
So c =5, since cis +ve.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 7



Core Pure Mathematics Book 1/AS SolutionBank

Challenge
. cosf@ —sing@
a Basis:in=1:LHS=RHS=|
- sing coséd
Assumption:
« _[coskd —sinké
| sink@ coske
Induction:
Kot  [C0s@ —sin@) (coskd —sinkd)(cosd —sind
M + =M =
sin@ cos@ sink@ cosk@ )\ sin@ cosé

sink@ cos@ +cosk@sin@ —sinkdsin@ +cosk&cosd

[t ey

_[cosk@ cosd —sinkdsin@ —cosésiné —sin@cosej

sin ((k +1)¢9) cos((k +1)6?)
So if the statement holds for n =k, it holds forn = k + 1.

Conclusion: The statement holds for all n € Z*.

b The matrix M represents a rotation through angle 6, and so M" represents a rotation through angle ré.
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